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Abstract. A new invariant, the Pontrjagin-Viro form, of algebraic surfaces is in- 
troduced and studied. It is related to various Rokhlin-Guillou-Marin forms and gen- 
eralizes Mikhalkin's complex separation. The form is calculated for all real Enriques 
surfaces for which it is well defined. 



Introduction 

In this paper we introduce a new invariant, so called Pontrjagin-Viro form, of a 
real algebraic surface or, more generally, a closed smooth 4n-manifold X with invo- 
lution c: X X. The invariant, which is only well defined in certain special cases, 
is a quadratic function V: T ^ where T C 7?*(Fixc; Z/2) is a subgroup of the 
total homology of the fixed point set of c (or, in the case of an algebraic surface, of 
the real part of the surface). We mainly concentrate on the case dim A = 4; in this 
case V turns out to be closely related to the Rokhlin-Guillou-Marin forms (see 2.2) 
of various characteristic surfaces in X and X/ c and, thus, is a direct generalization 
of the notion of complex separation introduced by G. Mikhalkin [Mik]. (Mikhalkin's 
complex separation is defined when Hi{X; Z/2) = 0.) The relation to the Rokhlin- 
Guillou-Marin form gives a number of congruences which the Pontrjagin-Viro form 
must satisfy (see 4.2). 

This work was mainly inspired by our study of real Enriques surfaces (joint work 
with I. Itenberg and V. Kharlamov). Recall that an Enriques surface is a complex 
analytic surface E with 'ni{E) = Z/2 and 2ci{E) — 0. Such a surface is called real 
if it is supplied with an anti-holomorphic involution conj : E E; the fixed point 
set Er = Fix conj is called the real part of E. The set of components of the real 
part of a real Enriques surface naturally splits into two disjoint halves E^"^ , E^^ 
(see 5.1); this splitting is a deformation invariant of pair {E; conj). 

The topology of real Enriques surfaces is studied in [DKl] and [DK2], where 
they are classified up to homeomorphism of the triad {Er; E^\ E^'>) . Currently, 
we know the classification up to deformation equivalence (which is the strongest 
equivalence relation from the topological point of view); a preliminary report is 
found in [DK3]; details will appear in [DIK]. For a technical reason real Enriques 
surfaces are divided in [DK3] into three types, hyperbolic, parabolic, and elliptic, 
according to whether the minimal Euler characteristic of the components of i?K 
is negative, zero, or positive, respectively. It turns out that in most cases a real 
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Enriqucs surface is determined up to deformation equivalence by such classical 
invariants as the homeomorphism type of the triad [Eg^; E^^) and whether 
the fundamental classes [^^r] and [-E^'^], i = 1,2, vanish or are characteristic in the 
homology of E or some auxiliary manifolds. The few exceptions, mainly M-surfaces 
of parabolic and elliptic types, differ by the Pontrjagin-Viro form. 

In this paper the Pontrjagin-Viro form is calculated for all real Enriques sur- 
faces for which it is well-defined (see Section 7). There is a necessary condition 
{x{Er) = mod 8) and certain sufficient conditions (Lemma 5.2.1) for V to be well 
defined, and, when defined, V must satisfy certain congruences (Proposition 5.2.2) 
which follow from the general congruences in 4.2. The result of the calculation can 
be roughly stated as follows (see Theorems 7.1.1, 7.2.1, and 7.3.1 for the precise 
statements): Consider a triad {Ek;E^\E^'>) with x(^r) = mod 8. Any (par- 
tial) quadratic form V: H^,{E^^) ® Ht,{E^^) ^ Z/4 satisfying the congruences of 
Proposition 5.2.2 can be realized as the Pontrjagin-Viro form of a real Enriques sur- 
face. //(-Br; eIP,E^^) does not satisfy the sufficient conditions of Lemma 5.2.1, it 
can also be realized by a real Enriques surface not admitting Pontrjagin- Viro form. 
Note that, in fact, the deformation type of a surface admitting Pontrjagin-Viro 
form is determined by the topology of {E]gi; E^\ E^^) and the isomorphism type 
of P: H^E^^')) ® H^E^^) Z/4 (see [DIK]). 

Originally in order to distinguish nonequivalent real Enriques surfaces we cal- 
culated the Pontrjagin-Viro form by explicitly constructing membranes in E/ conj. 
In Section 6 I develop a different approach, which facilitates the calculation and, 
on the other hand, covers all real Enriques surfaces which are of interest. The 
approach is applicable to a specific construction (which, as is shown in [DIK] , pro- 
duces all M-surfaces of elliptic and parabolic types): the surface in question is 
constructed starting from a pair of real curves P, Q on a real rational surface Z , 
and the Pontrjagin-Viro form is given in terms of the topology of their real parts 
(Zr;Pr,(5r). The fact that V is related to the complex orientation of the branch 
curve was indicated to me by G. Mikhalkin. 

Contents. Section 1 introduces the primary tool, so called Kalinin's spectral se- 
quence. Section 2 reminds the basic notions related to quadratic forms and Rokhlin- 
Guillou-Marin form of a characteristic surface. The Pontrjagin-Viro form is intro- 
duced in Section 3, and its basic properties, including the congruences, are studied 
in Section 4. In Section 5 the general results are transferred to real Enriques sur- 
faces. In Section 6 we calculate the Pontrjagin-Viro form of a real Enriques surface 
obtained by a specific construction, using so called Donaldson's trick; these re- 
sults are applied in Section 7 to produce the complete list of possible values of the 
Pontrjagin-Viro form on a real Enriques surface. 

Acknowledgements. I am thankful to I. Itenberg and V. Kharlamov for many 

hours of fruitful discussions of the subject; the results of this paper depend es- 
sentially upon our joint work on real Enriques surfaces. I am also thankful to 
G. Mikhalkin for his helpful remarks. 

Notation. Unless stated otherwise, all homology and cohomology groups are with 
coefficients in Z/2. We freely denote by 2: Z/2 Z/4 the nontrivial homomor- 
phism, as well as the induced homomorphisms i/*( • ; Z/2) H^{ - ; Z/4) etc. 

Given a vector bundle ^, we denote by Wi(^) and tti(^) the Stiefel- Whitney and 
Wu classes, respectively, w = l-l-wi-l-. . . and u = l-|-ui-|-. . . are the corresponding 
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total classes. If X is a smooth manifold and tX its tangent bundle, we abbreviate 
Wi{TX) = Wi{X) and Ui{TX) = Ui{X). For a smooth submanifold V C X we 
denote by uV = vxV its normal bundle in X. 

Let X be a closed manifold of dimension n. Then [X] G Hn{X) is its fundamental 
class and {X) e Hq{X) is the 0-class defined by the union of points, one in each 
component of X. (Certainly, the latter definition applies to any polyhedron.) The 
Poincare duality n[X] : W{X) iJ„_,(X) is denoted by Dx = D. 

If X is a complex manifold, Ci{X) e H2i{X;'Z) stand for its Chern classes and 
Kx, for both the canonical class in Pic(X) and its image DxCi{Kx) in H2{X) (so 
that we can write [D] = Kx for a divisor D). 

1. Kalinin's spectral sequence 

1.1. Basic concepts. Let X be a good topological space (say, a finite dimensional 
CW-complex) and c : X ^ X an involution. Unless stated otherwise, we assume X 
connected. Denote by F the fixed point set Fixe and by X, the orbit space X/c. 
Let pr : X — > X be the projection and in : F ^ X and m : F ^ X the inclusions. 

Recall that the Borel-Serre spectral sequences ^Ep^q and UP^"? are the Serre spec- 
tral sequences of the fibration 5°° Xc X ^ IRp°° , where x c X is the Borel 
construction S°° x X/ (s, x) ~ (— s, cx). As shown in [Ka], multiplication by the gen- 
erator h e i?i(IRp°°) establishes isomorphisms 'S^'p.q+i -» "Ep,, and 'W'l '^;P''J+i 
lov Q and thus produces stabilized spectral sequences Ci?*, 'ii*) and (^H* Jd*), 
which we call Kalinin's spectral sequences of (X, c) , so that 

(1) ^H, = H,{X) and ^H* = H*{X), 

(2) = (1 + c,) and 1q!* = (1 + c*), 

(3) => H^{F) and 'H* ^ H*{F). 

An alternative, geometrical, description of Kalinin's spectral sequences and related 
objects is found in [DK2]. 

The convergence in (3) means that there is an increasing filtration {J-"^} on 
i/*(F), a decreasing filtration {Tp} on H*{F), and homomorphisms bvpi J^^ — > 
°°Hp and bv^: °°Hp H*{F)/Tp-i which establish isomorphisms of the graded 
groups. (Note that in general the filtrations do not respect the grading on H^{F) 
and H*{F).) We will call bvp and bv^ the Viro homomorphisms; often they will be 
considered as additive relations (partial homomorphisms) H^{F) Hp(X) and 
m{X) — ^ H*{F). 

1.2. Multiplicative structures. The homology and cohomology versions of Ka- 
linin's spectral sequences are dual to each other, i.e., ^H^ = HomCiJp, Z/2) and 
^dP = Hom(^(ip, idz/2)- The cup- and cap-products convert ^H* and If* to a graded 
Z/2-algebra and a graded '"i?*-module, respectively, so that all the differentials 
except \i are differentiations. Furthermore, if X is a closed n-manifold and F ^ 0, 
the Poincare duality Dx induces isomorphisms D : 77^ ^Hn-p, and in the usual 
way one can define intersection pairings *: TJp (g) 77, ^Hp+q-n- The induced 
(via bv,) pairing on the graded group Gr^iJ*(F) is called Kalinin's intersection 
pairing. The ordinary intersection pairing on H^{F) will be denoted by o. 

1.2.1. Theorem (see [DK2]). Let X be a smooth closed n-manif old andc: X ^ X 
a smooth involution. Then for a G ^F^ and b G one has w{vF) n (ao 6) g j^p+i-n 
and 

hvp a o bvg b = hvp+q-n[w{vF) n (a o &)]. 
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1.3. Relation to the Smith exact sequence. Recall that the Smith exact se- 
quences of {X, c) are the exact sequences 

^ Hp+i{X, F) A Hp{X, F) e Hp{F) Hp{X) ^ Hp{X, F) , 

HP{X,F) ^ HP{X) HP{X,F) e HP{F) A HP+^{X,F) . 

The connecting homomorphisms A arc given hy x i-^ lo n x Q) dx (in homology) and 
x(S f I— > Luux + Sf (in cohomology), where uj G (X \ F) is the characteristic class 
of the double covering X \F ^ X \F. In [DK2] it is shown that Kalinin's spectral 
sequences can be derived from the Smith exact scqiiences. In this paper we only 
need the corresponding description of the differentials and Viro homomorphisms: 

1.3.1. Theorem (see [DK2]). The differentials ^dp and^d^, considered as additive 
relations Hp{X) — > Hp+r-i{X) and Hp{X) — + Hp-'-+^{X), are given by 

""d* =tr*oto(A-ioO''"^opr,, ""d* = pr* ©(tt o A"!)'-! o tt o tr*, 

where t: Hp{X,F) Hp{X , F) ® Hp{F) andw. Hp{X,F) @ W{F) Hp{X,F) 
are, respectively, the inclusion and the projection. 

A [nonhomogeneous) class x — J2i<p^i> ^ Hi{F), belongs to TP if and only 
if there are elements yi £ Hi{X, F) such that A(j/i+i) = y^Q) xi for i < p. In this 
case hvpX = tT^,{yp ® Xp) {modulo the indeterminacy subgroup). 

A class X e HP{X) survives to °°HP if and only if tr* x = yP ® xP extends to a 
sequence 8 a;* e H\X, F) © H\F), i < p, such that 2/'+^ = A(y* © x") for i < p. 
In this case bv^ x = J2i^p ^* ^od Tp-\. 

1.4. Groups and 'Z. Let 'Bp C ''Zp C IIp(X) be the pull-backs of Im'-^dp 
and Ker'"~^dp, respectively, so that ^Hp = ^Zp/^Bp. Denote °°Bp = {J^^Bp and 
°°Zp = f]^^Zp. Then °°Hp = °°Zp/°^Bp. There are obvious cohomology analogues 
rgP C ""ZP c HP{X), and ''Hp = ^Zp /""Bp for 1 < p < oo. 

1.4.1. Proposition. One has °°Zp = Ker[pr^ : Hp{X) Hp{X,F)] and °°Bp = 
Im[pr*: HP{X,F) HP{X)]. 

Proof. The statement follows from Theorem 1.3.1. Since all the spaces involved are 
finite dimensional, both the Smith exact sequences terminate. Hence, an element 

X G IIp{X) is annihilated by all ^dp, p > 0, if and only if (/,opr^)(a;) = 0. Similarly, 
for any element x G HP{X,F) the multiple image A^~^{x) belongs to Im(7r o tr*) 
for r > 0. □ 

1.4.2. Corollary. If X is a closed smooth manifold, c is a sm,ooth involution, and 
Fy^0, then °°B^ = Im[tr* : H^{X \ F) ^ H^{X)] and = Ker[tr* : H*{X) 
H*{X \ F)]. 

Proof. This follows from 1.4.1 and Poincare duality. □ 

1.5. Miscellaneous statements. In this section we state several simple results 
needed in the sequel. 

1.5.1. Proposition (see [DK2]). Denote by the homology Bockstein homo- 

morphism. Then for any class x = "^Zi^p^i ^ > ^ Hi{F), one has 

Sqi bvp X = bvp_i ( Sq^ a; + ixi) = bvp_i ( Sq^ a; + + 1)^0 • 
{In particular, the classes in parentheses belong to Tp~^ .) 
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1.5.2. Proposition. Let X be an oriented closed smooth n-manijold, Hi(X) = 0, 
and B c X a c-invariant oriented dosed smooth suhmanifold of pure codimension 2 
such that [B] = in Hn-2{X). Assume that c reverses the co- orientation of B. 
Let, further, p :Y ^ X be the (unique) double covering of X branched over B and 
Wp its characteristic class. Then for x & Hi{F \ B) one has (wp, x) = bv2 x o i [i?] 
{where ^[B] is obtained by dividing by 2 the integral class [B] <E Hn-2{X;'Z) ). 

Proof. Realize x by an oriented simple loop [. After mnltiplying it by an odd 
integer we may assume that I bounds an oriented membrane SOT in X, whieh may 
be chosen transversal to B. Then {ojp, x) = Card(9Jtni3) mod 2. On the other hand, 
[muc{m)] = bv2 X and the statement follows from Card(9KnB) = ^[mUcim)]o[B]. 
(Note that c reverses the orientation of 971.) □ 

1.5.3. Proposition. Assume that X is a closed A-manifold, Hi{X;'L) = 0, and F 

is a surface. Then X is a Z,-homology A-sphere if and only if c is an M -involution 
{i.e., dim H^{F) = dimff*(X) ) and F is connected. If this is the case, c* acts as 
multiplication by (—1) on H2{X;Z). 

Proof Assume that F ^ {as otherwise Hi{X) = Z/2). Then Hi{X-Z) = 
and the first statement follows from comparing the Euler characteristics using the 
Riemann-Hurwitz formula. For the second statement observe that -ff*(X; Q) is the 
c*-skew-invariant part of H^{X; Q); this determines the action of c* on H^{X; Z) C 
H,{X;Q). □ 

2. Rokhlin-Guillou-Marin congruence 

2.1. Quadratic forms and Brown invariant. The results of this section should 
be found in most textbooks in arithmetics; see also [vdB], [Br], [GM], or [KV]. 

Let y be a Z/2- vector space and o : V (E)V ^ Z/2 a symmetric bilinear form. A 
function q: V ^ Z/4 is called a quadratic extension of o if q{x + y) = q{x)+ q{y) + 
2{x o y) for all x,y €V. The pair {V. q) is called a quadratic space. (Obviously, o 
is recovered from q.) A quadratic space is called nonsingular if the bilinc;ar form 
is nonsingular, i.e., V-^ = 0; it is called informative if g|y± = 0. The following is 
straightforward: 

2.1.1. Proposition. Let V be a 'Ljl-vector space and o: V — > Z/2 a sym- 
metric bilinear form. Then 

(1) q{x) = mod 2 for any x gV and any quadratic extension q of o; 

(2) quadratic extensions of o form an affine space over = Hom(y,Z/2) via 
{q + l){x) = q{x) + 2l{x) for I G and x G V; 

(3) if o is nonsingular, its quadratic extensions form an affine space over V via 

{q + v){x) = q{x) + 2{v o x) for v,x G V. 

The Brown invariant Bi{V, q) (or just Bv q) of a nonsingular quadratic space is 
the (mod 8)-residue defined by 

exp(ij7rBrg) = 2Himy ^^^^ exp(ii7rg(a;)) . 

This notion extends to informative spaces: since q vanishes on V-^, it descends to 
a quadratic form q' : V/V-^ — > Z/4, and one lets Bvq = Biq'. 
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2.1.2. Proposition. For any informative quadratic space {y,q) one has: 

(1) BrgEE dim(y/F-L) mod2; 

(2) Brq = q{u) mod 4 for any characteristic element u € V; 

(3) Bv{q + v)=Brq- 2q{v) for any v G V {see 2.1.1(3)); 

(4) Biq = if and only if {V,q) is null cobordant, i.e., there is a subspace 
H CV such that = H and q\H = 0. 

The Brown invariant is additive: for any pair iyi,qi), i = 1,2, of quadratic spaces 
one has Bt{Vi 8 V2, qi 8 92) = Bv{Vi,qi) + Bv{V2, 92)- 

2.1.3. Proposition. Let L he a unimodular integral lattice {i.e., a free abelian 
group with a nonsingular symmetric bilinear form L ® L ^ 1,). Let V = L ® Z/2 
and define a quadratic form q: V ^ Z/4 via q{x) = mod 4 for x gV and x G L 
such that X = x mod 2L. Then Br(y, q) = a{L) mod 8. 

A subspace W of an informative quadratic space {V, q) is called informative if 
C W and q\w-^ — 0- (Clearly, an informative subspace is an informative space; 
hence, its Brown invariant is well defined.) 

2.1.4. Proposition. IfW is an informative subspace of an informative quadratic 

space {V,q), then BT{W,q\w) = BT{V,q). 

Remark. The notion of informative subspace still makes sense if the quadratic 
form q is defined only on W. Proposition 2.1.4 can then be interpreted as follows: 
the Brown invariant of any extension of g to a quadratic form on V equals Br q. 

2.2. Rokhlin-Guillou-Marin congruence (see [GM]). Let Y be an oriented 
closed smooth 4-manifold and U a characteristic surface in Y, i.e., a smooth closed 
2-submanifold (not necessarily orientable) with [U] = U2{Y) in H2{Y). Denote by 
i: U ^ Y the inclusion and let K = Kcr[i* : Hi{U) -ffi(F)]. Then there is a 
natural function (\: K ^ ^/4, which is a quadratic extension of the intersection 
index form on H\{U). We call it the Rokhlin-Guillou-Marin form of {Y, U). It can 
be defined as follows: pick a class x € K and realize it by a union [ of disjoint 
simple closed smooth loops in U. It spans an immersed surface 9Jl in Y, which 
can be chosen normal to U along [ = dOJl and transversal to U at its inner points. 
(Such a surface is called a membrane.) Consider a normal line field ^ on I tangent 
to U and define the index indOJl G as one half of the obstruction to extending ^ 
to a normal line field on 9Jt. (Since rSDT ® uDJl is an oriented vector bundle, the 
obstruction is well defined as an integer. If ( is two-sided in U, the index is usually 
defined using vector fields instead of line fields; this explains the factor i.) Then 
q(a;) = 2 ind SDT + 2 Card(int 9Jl n F) mod 4. 

2.2.1. Theorem (see [CM]). Let Y, U, and {K,q) be as above. Then {K.q) is 
an informative subspace of Hi{U) and 2Brq = cr{Y) — UoU mod 16, where U oU 
stands for the normal Euler number ofU inY. 

Remark. There is an alternative construction of the Rokhlin-Guillou-Marin form. 

Since U is charactc^ristic, Y \ U admits a Spin-structure which does not extend 
through any component of U. Its restriction to the boundary of a tubular neigh- 
borhood of U induces in a natural way a Pin~-structure on U (cf. [Fin]), which 
defines a quadratic form q on Hi{U). It is not difficult to see that q is well defined 
up to adding elements of lm[i* : H^{Y) H^{U)] (see 2.1.1(2)) and, hence, its 
restriction to K does not depend on the choice of a Spin-structure; it coincides 
with q. 
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3. PONTRJAGIN-ViRO FORM 

3.1. Definition of the Pontrjagin-Viro form. The Pontrjagin square is the 
cohomology operation P^" : — > if*"(X;Z/4) uniquely defined by the fol- 
lowing properties (see, e.g., [EM]): 

(1) p2n(2; + y) = P^" (x) + P^"" (y) + 2{x u y) for any x,y G 

(2) P^"{x) = mod 2 for any x € 

(3) P^''{x mod 2) = x^ for any x € if2"(X;Z/4). 

Constructively F^" can be defined via P'^"{x) = (a; uo a; + 5 ui (5a;) mod 4, where 
X e C2"(X;Z) is an integral cochain representing x and Uj are the cup-i-products 
used in one of the definition of Steenrod squares. 

From now on we assume that X is a connected oriented closed smooth manifold 
of dimension 4n and c is a smooth involution. Denote by P2n '■ Hn{X) — > Z/4 the 
composition 

H2n{X) if2"(X) ff''"(X;Z/4) Z/4. 

3.1.1. Proposition-Definition. If P2n{°°B2n) = 0, then P2n descends to a well- 
defined quadratic function °°ff2n Z/4. The composition of this function and 
the Viro homomorphism hv2n' — * "^Hin is denoted by V and is called the 
Pontrjagin-Viro form. It is a quadratic extension of Kalinin's intersection form 
*: T^"(g)T^" Z/2, I.e., V(x + y) = V{x) + V{y) + 2{x * y) for any x,y e T^" . 

Proof. The statement follows immediately from the fact that °°B« o = (where 
o stands for the intersection pairing) and property 3.1(1) above. □ 

3.1.2. Proposition. V is well defined if and only if U2n{X \F) = Q. 

Proof. The statement is a consequence of Corollary 1.4.2 and the obvious relation 
P2ri(tr*x) = 2{xox) = 2{2i2niX\F),x) ioi x e H2n{X\F). The latter follows from 
properties 3.1(1) and (2) of Pontrjagin squares and the fact that tr*, when restricted 
to the manifold X \ F, coincides with the inverse Hopf homomorphism pr' . □ 

3.1.3. Corollary. As.sume that F has pure dimension dimX — 2, so that X is a 
manifold. Then V is well defined if and only if DxU2n{X) belongs to the image of 
m,:H2n{F)^H2n{X). 

3.1.4. Proposition. IfV is well defined, BrP = (j{X) mod 8. 

Proof. By definition, V is well defined if and only if °°Z2n is an informative subspace 
of {H2n{X),P2n)- (Duc to the Poincarc duality = °°B2„, see [DK2].) Hence, 

Br P = Br P2„. On the other hand, Il2n [X; Z)(g)Z/2 is also an informative subspace, 
and the congruence follows from Proposition 2.1.3 applied to H2n{X; Z)/ Tors. □ 

3.2. Some sufficient conditions. 

3.2.1. Proposition. Let c he orientation preserving. Then P2„ descends to ^H2n 
if and only if the 2n- dimensional component of iii\ {u{TF)u^^ (vx F)) equals U2n{X). 

Proof. As known, the 2n-dimensional component of m\{u{TF)u^^ (i^xF)) coincides 
with the characteristic class 02n of the twisted intersection form (a;, y) i— > a; o c*j/ 
(see, e.g., [CM]). On the other hand, for x G Il2n{X) one has 

P2n("'^rf2na;) = P2„(a; + C,x) = 2P2„(.t) + 2{x O C*x) = 2(6'2n + U2n,x) 

(since P2n(a;) = x"^ mod 2), and the statement follows. □ 
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3.2.2. Corollary. A necessary condition forV to be well defined is that O^n, the 
2n- dimensional component of m\{u{TF)u~^{i'xF)), must coincide with U2n{X)- 
The following are sufficient conditions: 

(1) c is an M-involution {i.e., ''rf* = for r > 1); 

(2) 02n = U2n{X) and c is 'L/2-Galois maximal [i.e., ''d* = for r ^ 2); 

(3) = U2n{X) and H,{X) = for0<i<2n. 

Remark. If dimF ^ 2n, the condition of 3.2.1 (and, hence, the necessary condition 
of 3.2.2) reduces to [F]2n = Du2n{X) in H2n{X), where [F]2n is the fundamental 
class of the union of 2n-dinicnsional components of F. In this case 3.2.1 can be 

proved using the following observation: 

3.2.3. Proposition (V. Arnol'd). //dimX = 2k is even and dimi^ ^ k, then 
the fundamental class [F\k of the union of k- dimensional components of F realizes 

in Hk{X) the characteristic class of the twisted intersection form [x. y) .x o cy. 

Remark. If dimX = 4 and _F is a surface, 3.2.1 follows also from the projection 
formula DxU2{X) = tr^, DxU2{X) + [F]: since DxU2{X) comes from F, its pull- 
back in X is zero. 

Remark. Note that conditions (1), (2) in 3.2.2 do not require actual calculation of 
the differentials. Indeed, from Kalinin's spectral sequence it follows that c is an M- 
involution if and only if dimi?*(F) = dmiH^{X) (and in this case 92n = U2n{X), 
as c* = id and the twisted intersection form coincides with the ordinary one). 
Furthermore, c is Z/2-Galois maximal if and only if dim if* (F) = dim^iJ*, the 
latter group being equal to Ker(l + c*)/ Im(l + c*). 

3.3. Membranes. The first statement, which is a direct consequence of the defi- 
nitions, calculates the Pontrjagin square in a 4-manifold. 

3.3.1. Lemma. Let X be an oriented closed smooth A-m,anifold and ^ X an 
immersed closed surface. Then P2[9K] = 9Jt o OK + 2x{Tt) mod 4, where 9JI o 9Jl = 
e(/u9Jl) + 2i mod 4 is the normal Euler number of 9JI plus twice the number of its 
self-intersection points mod 4. {If ^ is oriented, 9Jt o f!Jl = [9Jl]| mod 4, where 
[9Jl]z G H2{X;'Z) is the integral class realized, by dJl.) 

Next two statements provide for geometrical means of calculating bv2 and, hence, 
the Pontrjagin- Viro form in a 4-manifold. 

3.3.2. Lemma. Let DJl be a closed surface with involution c so that Fixe consists 
of several two-sided circles li. . . . ,lp, several one-sided circles ni, . . . ,nq, and several 
simple isolated points Pi ..... • Then [971] = bv2 x, where 

Proof. Without loss of generality wc may assume that is connected. Then, due 
to 3.2.3, bvi(^[li] + El'^j]) equals w\{dK) in °°Hi; hence, q = dimH^{Tt) mod 2. 
Due to the Smith congruence x(Fixc) = x(^) ™od 2, also r = dimif*(f!Jt) mod 2. 
Thus, bvo X = and bvi x is well defined. Now one can easily check that bvi >c 
annihilates (which is generated by the images under bvi of [li], [nj], and 

elements of the form {Qi — Q2), Qi,Q2 € Fixe). Since Kalinin's intersection form 
is nondcgcncrate, bvi >f = 0. Hence, bv2 m: is well defined, and it must coincide 
with the only nontrivial element [9Jt] G °°H2. □ 
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3.3.3. Corollary. LetdJl and k he as in 3.3.2. is equivariantly immersed to a 
topological space X with involution, then [VJl] realizes bv2 x. //, further, dim X = 4 
and V is well defined, then V{>c) = o 9JI + 2x(OT) mod 4. 

4. Congruences 

4.1. Characteristic surfaces in X. Let us assume that X is an oriented closed 
smooth 4-manifold, c: X ^ X \s a smooth orientation preserving involution, and 
F = Fixe 7^ has pure dimension 2. Under these assumptions X is also an 
oriented closed manifold. 

We keep the notation introduced in Section 1. In addition, denote by Tf^ and 
.Fgj, respectively, the intersection J^^ fl Hi{F) and the projection of !Fp to Hi{F). 
Recall that the connecting homomorphism A of the homology Smith exact sequence 
is given by y i-^ u n y (B dy, where lo G H^{X \ F) is the characteristic class of the 
covering X \ F ^ X \ F. Since the covering X ^ X is branched along F, one has 
dDxio = [F]. 

4.1.1. Lemma. bv2JFj|] = tr*_ff2(-^) mod °°B2. Furthermore, for y E H2{X) one 
has tr* y = bv2(in' y) mod °°i?2; in particular, 'P{m: y) = 2y^ mod 4 provided that 
V is well defined. 

Proof. As follows from 1.3.1, the image bv2 J-^] consists of all elements of the form 
tr* j/2, where y2 G H2{X, F) extends to a sequence € Hi{X, F), i = 0,1, 2, such 
that A (2/2) = yi and A(yi) = t/o ® Xq for some xq G Ho{F). Thus, yi may be an 
arbitrary element, and the only restriction to t/2 is dy2 = 0, i.e., 2/2 = rely for some 
y € H2{X). For the 'furthermore' part observe that tr* y = tr* y2 = bv2 Xo and 

xo = d{uj n rely) = d{Dw n D-'^y) = [F] n m* D-'^y = Dp m* = m' y, 

where D = Dx- □ 

4.1.2. Lemma, hvi T^^^ = tr^ Hi(X , F) mod °^Bi. 

4.1.3. Lemma. J^'^y = Ker[in* : Hi{F) Hi{X)]. 

Proof 0/4.1.2 and 4.1.3. As above, the statements follow directly from 1.3.1. □ 

4.1 A. Corollary. Ker[in* : H2{F) — !■ H2{X)] is the annihilator of J^^q^ with re- 
spect to the intersection index pairing H2{F) ® Ho{F) — > Z/2 (or, equivalently, 
Kalinin's intersection pairing H2{F) (g) jFjgj Z/2). 

Proof. Let K = Ker[in*: H2{F) H2{X)]. Since the restrictions of the ordinary 
intersection index pairing and Kalinin's intersection pairing to H2{F)(^!F^^ coincide 
(see 1.2.1), it suffices to verify that u G K ii and only if bv2 u annihilates bv2 J-'^^ = 
tr* H2{X) in °°H2. For y e H2{X) one has in* w o tr* y = m* u o y; this product 
vanishes for ally E H2{X) ii and only if m* w = 0. □ 

4.1.5. Corollary. Assume that V is well defined. Then an element u G H2{F) 
realizes Du2{X) if and only ifV{x) = 2{u o x) mod 4 for all x G J^^^ . 

4.2. Pontrjagin-Viro form and Rokhlin-Guillou-Marin forms. We still as- 
sume that X is an oriented closed smooth 4-manifold, c is smooth and orientation 
preserving, and F ^ has pure dimension 2. Assume also that V is well defined; 
due to 3.1.3 this implies that U2{X) is realized by a union of components of F. 
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4.2.1. Proposition. Let F' C F be a union of components of F such that V{x) = 
2([F' ] o x) mod 4 for all x G J^f^y Let H' = Hi{F') (1 .F^j and define a quadratic 
function V : H' ^ Z/4 via xi i-^ V{xi + xq) + 2([_F'] o xq), where xq G Ho{F) is 
any element such that xi + xq G . Then V' coincides with the Rokhlin- Guillou- 
Marin form q' of the characteristic surface F' in X. In particular, {H',P') is an 
informative subspace of Hi{F'). 

Proof. First notice that q' is well defined and, due to 4.1.3, its domain coincides 
with that of q'. Pick an element x G H' and consider a membrane dJl as in 2.2. Let 
DJl' = pr~^9Jt; it is a closed c-invariant surface in X. The index indfDT (see 2.2) 
equals the normal Euler number Tt' o 9Jl'. (Indeed, 2ind9Jl is the obstruction 
to existence of a normal line field on it is twice as big as the obstruction 
to existence of a normal vector field.) The intersection points of intOJl and F 
correspond to isolated fixed points of c|ot', and all the 1-dimensional components 
of Fixclgjj/ arc two-sided in The statement follows now from comparing the 
definitions of q' and q' and Lemma 3.3.3. (Note that the total number of intersection 
points of intSJt and F is even and, hence, so is x{^')-) O 

4.2.2. Theorem. If F' andV are as in 4.2.1, then 

F' oF' + BtP' = ^[FoF + a{X)] mod 8. 

Proof. The statement follows from Proposition 4.2.1, Theorem 2.2.1 applied to F' C 
X, and the well known calculation of the ingredients of 2.2.1: the self-intersection 

numbers of F' in X and X arc related via {F' o F')x = 2{F' o F')x, and the 
signature of X is given by the Hirzcbruch formula <j(^) = 2a(X) — F o F . □ 

4.2.3. Theorem. The restriction P[i] of P to J^^j coincides with the Rokhlin- 
Guillou-Marin form q of the characteristic surface F inX. In particular, {^fi],Pii]) 
is an informative subspace of Hi{F) and 

FoF + 2 Br = a{X) mod 16. 

Proof. The two forms are compared as in the previous proof: q is calculated via a 
generic membrane 071 as in 2.2 and Pn], via 9Jl' = fDTU c{Tl). Wo may assume that 
97t' is an immersed surface. It realizes bv2 (9971), as all the components of 9971 are 
two-sided in 971' and the intersection points of int 97ln F are not fixed points of the 
lift of c to the normalization of f!7l'. Note also that the self-intersection points of 971' 
which are not on F appear in pairs and thus do not contribute to 971' o 971'. □ 

Remark. Let X be the complexification of a real algebraic surface and c = conj 
the Galois involution on X. (More generally, one can assume that X is a com- 
pact smooth complex analytic surface and c is an anti-holomorphic involution.) 
Then Fixe — Xr is the real part of X and multiplication by \/— T establishes an 
isomorphism tX^ = uX-g.. In particular, for any component Fj of Xth one has 
Fi o Fi = —x{Fi), and the congruences of 4.2.2 and 4.2.3 take the form 



(4.2.4) 
(4.2.5) 



X{F') = 1 [x{Xu) - a{X)] + BvP' mod 8, 
x(Xk) = 2BrP[i, - a{X) mod 16. 
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Since x{F') = BiV mod 2, (4.2.4) implies 

(4.2.6) x(^r) = (^iX) mod 8. 

(Certainly, (4.2.6) follows as well from the Arnol'd congruence for real algebraic 
surfaces with [Xg] = DxU2{X) in H2{X).) 

5. Real Enriques surfaces 

5.1. Real Enriques surfaces. Recall that an algebraic surface X is called a KZ- 
surface if 7ri(X) = and ci{X) = 0. An algebraic surface E is called an Enriques 
surface if 7Ti{E) = Z/2 and the universal covering X of i? is a ii'S-surface. (The 
classical definition of Enriques surfaces is ci{E) ^ 0, 1c\{E) — 0, and the relation to 
ifS-surfaces follows from the standard classification.) All XS-surfaces form a single 
deformation family; they are all diffeomorphic to a degree 4 surface in P^. Similarly, 
all Enriques surfaces form a single deformation family and are all diffeomorphic to 
each other. The intersection forms of KZ- and Enriques surfaces are, respectively, 
Bi{X; Z) ^ 3£;8 © W and HiiE; Z) ^ Es ® U, where Eg is the even unimodular 
form of signature —8 and U is the hyperbolic plane. 

A real Enriques surface is an Enriques surface E supplied with an anti-holo- 
morphic involution conj : E E, called real structure. The fixed point set -Er = 
Fixconj is called the real part of E. (Obviously, these definitions apply to any 
algebraic variety.) 

Fix a real Enriques surface E and denote hy p: X ^ E its universal covering 
and hy t: X ^ X, the Enriques involution (i.e., deck translation of p). The real 
structure conj on E Hfts to two real structures t^^\t^'^^ : X ^ X, which commute 
with each other and with t. Let X^^^ ~ Fixt'^*-', i ~ 1,2, be their real parts. The 
projections E^^ = p{X^'') are called halves of i?R. It is easy to see that E^^ 
and E^^ are disjoint, i?K = E^^ U E^\ and both E^^ consist of whole components 
of Eu- Furthermore, two components Fi,F2 C E'k belong to the same half if and 
only if bvi(Pi - F2) = (see [DK2]). 

A real Enriques surface is said to be of of hyperbolic, parabolic, or elliptic type 
if the minimal Euler characteristic of the components of E^ is negative, zero, or 
positive, respectively. 

5.2. The Pontrjagin-Viro form on a real Enriques surface. Fix a real En- 
riques surface E. For the topological types of the connected components of E^ 
we will use the notation S = S'^, Sp = #p{S^ x S^), and Vp = #pIRp2. The 
decomposition of E^ into two halves will be designated via Er = {E^^} u {E^^. 

E is said to be of type I if [Em] = in {H2{E; Z)/ Tors) (g) Z/2 or, equivalently, 
[X^'l] + [X^^ = in H2{X); otherwise E is said to be of type II. Type I is further 
subdivided into Iq and I„ depending on whether [E^] = or Du^iE) in H2{E). 

5.2.1. Lemma. The following are sufficient conditions for the existence of the 
Pontrjagin-Viro form V: -^Z/A on a real Enriques surface E: 

(1) E is an M -surface; 

(2) E is of type I„ and either E^ is nonorientable or both E^^ and E^^ are 

nonempty; 

(3) E is of type I, E^. is nonorientable, and either both E^^ and E^'> are 
nonempty or E^. contains a nonorientable component of odd genus. 
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Proof. As shown in [DK2], the subgroup C H^,{ER) is generated by elements 
of the form [Fq] and {Fi — F2) ® Xi, where Fq, Fx, F2 are components of E^., 
xi e Hi{Er), and either = 1 and Fi, F2 are in distinct halves, or a;f = and 
-Fi, F2 are in the same half. In particular, E is Galois maximal if and only if E^ is 
nonorientable or both E^\ E^^^ are nonempty. If E satisfies the hypotheses of (3), 
then Du2{E) 7^ in °°i?2. Since [Fr] = Du2{E) in °°H2, type I impHes I„. All the 
statements follow now from Corollary 3.2.2. □ 

From now on we assume that V is defined. Two components _Fi , F2 of the same 
half are said to be in one quoter if P{Fi — F2) = 0. Since V is linear on J^^qj, each 
half splits into two quoters, which consist of whole components of E^\ We 
denote this by F^'-* = (quoter 1) u (quoter 2). Following [Mik], the decomposition 
of into four quoters is called complex separation. Due to 4.1.5 it has the following 
geometrical meaning: a subsurface F' C E^ is characteristic m E/ conj if and only 
if it is the union of two quoters which belong to distinct halves. 

Let Fk = {(Qi^^) u (Q^^))} u {(Ql^)) u [Q'i^)} be the decomposition of E^ into 
quoters. If both the halves are nonempty, denote by q^j^ and q^f ^ the restriction to 
iJi(Q^-^)) (respectively, Hi{Q^p) ) of the Rokhhn-Guillou-Marin form of the char- 
acteristic surface Q^^ U Qf'''- As follows from 4.2.1, 

= q^l^ + Dwx (Q(^) ) and, hence, Br q(i) = - Br qg) , 
q(?) = qf + Dwx (QP) ) and, hence, Br qC? = - Br q(|) 

(see 2.1.2 and 2.1.1). If one of the halves, say, E^\ is empty, denote by qp' the 
restriction of V to il2(QP^); this form is defined on the annihilator of Wi(Qp^) and 
is informative. In this notation congruence (4.2.4) takes the following form: 

5.2.2. Proposition. If hath the halves are nonempty, then for i,j = 1,2 

X(Q?^) + X(<3f ) = 2 + IxiEm) + Br qW + Br q® mod 8 

// E^'^ = 0, then for i = 1,2 

xiQi^^) = 2 + ix(i^R) +Brq(i) mod 8. 

Another invariant used in the classification is the value V{wi), where wi is the 
characteristic class of a nonorientable component of _Br of even Euler characteristic. 

5.2.3. Proposition. Let Fi,F2 C E^ be two nonorientable components of even 
Euler characteristic. Then V{wi{Fi)) = V{wi{F2)). 

Proof. As shown in [DKl], if Er has two nonorientable components of even Eu- 
ler characteristic, it has no other nonorientable components. Hence, ^1(^18) = 
wi{Fi) + wi{F2). On the other hand, wi{Ek) is a characteristic element in J^^ and, 
due to 2.1.2(2) and 3.1.4, V{wi{Er)) = 0. □ 

6. The Pontrjagin-Viro form via Donaldson's trick 

6.1. Constructing surfaces via Donaldson's trick. Let Z be a rational surface 
with real structure c: Z ^ Z and nonempty real part, and P,Q C Z a pair of 
nonsingular real curves. 
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6.1.1. Assumption. In this and next sections we assume that 

(1) [P] and [Q] arc even in H2{Z;Z) and [P] + [Q] = -2Kz\ 

(2) dim Ker [inclusion*: H2{P) ^ H2{Z)] = 1; 

(3) the multiplicity of each intersection point of P and Q is at most 2. 

Since [P] is even, Pk divides Z-r into two parts with common boundary Pr. Denote 
their closures by Z"^^ = Z^. Similarly, introduce two parts Z^'^ with common 
boundary Qr. Let Z^^ = Z^^ D Z^^ for = ± and assume that 

(4) Z++ = 0, i.e., fk C Z-Q and Qr C Z-p . 

Consider the double covering Y ^ Z branched over P and denote by B the 
pull-back of Q. Let Y' be the minimal resolution of singularities of B (which occur 
at the tangency points of P and Q and are all nondegenerate double points) and B' 
the proper transform of B. The real structure con Z lifts to two real structures 
on Y' . In respect to one of them, c+, the real part Y^ projects to Z+ and Br = 0. 

6.1.2. Proposition. Y and Y' are rational surfaces, \B] = —2Ky, and [B'] = 
^2Ky'- The double eovering X ~^Y' ofY' branched over B' is a K3-surface. 

Proof. The relations [B] = —2Ky and [B'] = —2Kyi follow from the projection 
formula and 6.1.1(1). Thus, the anti-bicanonical class of F is effective and, hence, Y 
is cither rational or ruled. On the other hand, from the Smith exact sequence and (2) 
it follows that Hi{Y) = 0. Hence, Y is rational. Now the projection formula gives 
2Kx = 0, i.e., X is a minimal surface of Kodaira dimension 0. Using the Riemann- 
Hurwitz and adjunction formulas one obtains x(^) = 2x(y ) + 2K'|-, = 24. Hence, 
X is a ifS-surface. □ 

Denote by t^^^ the deck translation oi X ^ Y' . Due to (4) above one of the two 
lifts of c+ to X is fixed point free; denote it by r. One can now apply to {t^^^ , r) 
the following equivariant version of Donaldson's trick: 

6.1.3. Proposition (cf. [DK3]). Let X be a KZ-surfaee and {ch,Ca) a pair of 
commuting involutions on X, one holomorphic and one anti-holomorphic. Then 
there is a complex structure on X in respect to which Ch is anti-holomorphic and 
Ca is holomorphic. 

Let X be the resulting iir3-surfacc. Then the quotient E = X/t is an Enriques 
surface and t^^^ descends to a real structure conj on E. Clearly, E^^ = B' jc^ and 
E'^'^ = Y^, and there is a projection tt: Sr — > Q U Z+, which is a branched double 
covering outside the tangency points of Pr and Qr. The pull-back ■jt~^{T) of each 
tangency point T consists of a one-sided loop in E^^ and a point in E^\ Let 
p: Eu ^ Es_ he the deck translation of it. 

6.1.4. Notation. For a subset S C QUZ+ we denote by (7r"^((3)) G Ho{Er)) the 
class generated by the connected components of 7r^^(S), and by [k^^{S)] G H^,{Ek), 
the fundamental class of its components of highest dimension {provided that they 
are all closed manifolds). 

6.2. Existence of V and complex separation. Let Ehe a real Enriques surface 
obtained as in 6.1 from a configuration {Z;P,Q). For all intermediate objects we 
keep the notation introduced in 6.1. 

A nonsingular real curve C C Z is said to be of type I, or separating, if C/c 
is orientable. The real part of each real component Cj of C has a distinguished 
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pair of opposite orientations, called complex orientations, which are induced from 
an orientation of Cj/c. The complement Cj \ Cj,R consists of two components Cf 
with common boundary Cj^r; their natural orientations induce the two complex 

orientations of C^.r. 

A triple {Z; P, Q) as in 6.1 is said to be of type I if P is of type I and Z~ \ Qm 
is orientable. Let Pi, i = 1, . . . ,p, and Qj, j ^ 1, . . . ,q, he the real components of 
the curves, , k = 1, . . . , z~ , the connected components of Z and Z , and 
Z^, I = 1, . . . , 2;+, the connected components of Z+. Fix some orientations of Z^ 
and some complex orientations of Pj^r; this determines an orientation of Pi and a 
distinguished half P^ for each real component Pj. Thus, the fundamental classes 
[Pi] and [Zj7] are well defined mod 4 in all homology groups where they make sense. 
The classes [Qj] and [Z^^] are defined mod 2. 

6.2.1. Definition. We say that a triple {Z;P,Q) of type I admits a fundamental 
cycle if there are some odd integers A,, i = 1,. . . ,p, and x^, k = 1, . . . ,z~, and 
some integers fXj, j = 1, . . . ,q, and X;"*", I = 1, . . . ,z~^ such that 

(6.2.2) EAi[Pi,R] +E^fc ] = 2EMi[Qi,K] +2E>^^[9^;+] 

in Hi{Pr U Qr; Z/4). The combination 

(6.2.3) £ = E [Pi] + E m + 2 E Mi m + 2 E [Z^] , 

which is a (mod 4)-cycle in Z, is called a fundamental cycle. It is called proper if 
[€] = 2Dw2iZ) in H2iZ;Z/ A). 

6.2.4. Proposition. A triple (Z; P, Q) of type I admits a fundamental cycle if 
and only i/E[-f»,R] belongs to the subgroup in i?i(Z^;Z/4) spanned by the classes 
2[Pi,M], 2[(3j^R], and 2d[Zi']. If Z is an M-surface with Z^ connected, any funda- 
mental cycle is proper. 

Proof The first part follows from the exact sequence of pair (Z~,Pr U Qr). If Z 
is an M-surface with Zr connected, then Z is a Z-homology sphere (see 1.5.3) and 
[C] = IwiiZ) holds trivially. □ 

The Pontrjagin-Viro form on a real Enriques surface E is said to have p-invariant 
complex separation if all quoters are fixed by p. Since V is obviously p^-invariant, 
for each half i = 1,2, one has either p(gW) = QW, j = 1,2, or p{Q[''>) = 
Q'^^ . This remark is sufficient to eliminate the possibility of noninvariant complex 
separation in all cases considered in Section 7 below. 

6.2.5. Theorem. The real Enriques surface resulting from a triple {Z; P, Q) has 
Pontrjagin-Viro form with p-invariant complex separation if and only if all tan- 
gency points of P and Q are real and {Z; P, Q) is of type I and admits a proper 
fundamental cycle. If this is the case, the complex separation is determined by a 
proper fundamental cycle (6.2.3): 

(1) the components Tr~^ (Qa), Tr^^iQb) corresponding to real components Qa, Qb 
of Q belong to the sam,e quoter if and only if p,a — p-b = mod 2; 

(2) the components tt~^{Z^), 7r~^(Z^) corresponding to Z^,Z^ c Z~^ belong 
to the same quoter if and only if — =Q mod 2. 
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6.2.6. Corollary. A proper fundamental cycle (6.2.3) is unique mod 4 up to 2[Zr],| 

2{[Z+] + [P]), and2{[Z-+] + [Q]). 

6.3. Proof of Theorem 6.2.5. Note that the construction of 6.1 still works if 
6.1.1(1) and (2) are replaced with a weaker assumption 

(1') [P] and [Q] are divisible by 2 in H2{Z-Z). 

Certainly, Proposition 6.1.2 docs not hold in this case and 6.1.3 does not apply; 
thus, E is just a 4-manifold with orientation preserving involution. In view of 3.1.3 
Theorem 6.2.5 would follow from the following more general result: 

6.3.1. Theorem. Let (S,conj) he the manifold with involution resulting from a 

triple {Z;P,Q) satisfying {!') above and 6.1.1(3), (4). Then C i?/conj contains 
a p-invariant characteristic surface if and only if all tangency points of P and Q 
are real and {Z; P, Q) is of type I and admits a proper fundamental cycle. If this 
is the case, the p-invariant characteristic subsurfaces of i?R are those of the form 
P'j['J^~^{Qj)]+^ >!:i~[t^~^{Z^)], where pj and k'i' are the coefficients of a proper 
fundamental cycle. 

In order to prove Theorem 6.3.1 we replace E/ conj with Y' = Y' jc^ . In the 

construction Y' is obtained from Y by blow-ups of the tangency points of P and Q. 
If such a point is real, the blow-up results in connected summation of Y and 
Cp2 /conjugation = 5^ and thus does not affect the topology. A pair of conju- 
gate tangency points results in the (topological) blow-up of their common image 
in Y . This produces a (— l)-sphere in Y' which is (mod 2)-orthogonal to all pull- 
backs [7r~-^(Pj)] and [7r~^(Z;"^)], which shows that does not contain a p-invariant 
characteristic surface. Thus, we can assume that P and Q do not have imaginary 
tangency points and replace Y' with Y . 

Clearly, Y is the double covering oi Z = Zjc branched over the Arnol'd surface 
2l~ = P U Z~. Denote by pr: y — > Z the projection and by w G -ff^(Z \ 2l~) 
its characteristic class. Since d: H3{Z,%~) if2(2l~) is a monomorphism, iv is 
uniquely characterized by the property dDu) = [2l~]. Note also that, since Z is 
orientable, LonDLO = Sq^ Du G H2{Z,QL-) and ^Sq^ Duj = Sq^l^'] = Dwi{^-). 

6.3.2. Lemma. l^ji-^'^iQj)] + T, = Dw2{Y) in H^iY) if and 
only if in i?2(-^,2l^) 

(6.3.3) Eh[Qj]+E^i'[Z^] = Sq^Dto + Dw2{Z). 

Proof. The statement follows immediately from the projection formula and Smith 
exact sequence. □ 

6.3.4. Lemma. A linear combination (6.2.3) is a fundamental cycle if and only 

Proof. This is a direct consequence of the definition of Bockstein homomorphism 
via chains. □ 

Prom Lemma 6.3.4 it follows that a necessary condition for (6.3.3) to hold is 
that /ij, must be coefficients of a fundamental cycle; in particular, this implies 
that {Z; P, Q) must be of type I. If this is the case, Sq^ Du is the relativization of a 
class X G H2{Z, Pr U Qr), which is well defined up to the image of i?2(2t~) and has 
the property 2x = ^[^i] + E[^fe ] mod 2il2(2l-) in H2{Z,PrU Qr;Z/4:). Since 
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both_x2 : H2{Z, Pr U Qr) ^ H2{Z, Pr U Qr; Z/4) and relativization H2{Z; Z/4) ^ 
H2{Z,Pb. U (5r;Z/4) are monomorphisms, (6.3.3) is equivalent to the fact that 
and X;"^ are coefficients of a proper fundamental cycle. □ 

6.4. Values on 1-dimensional classes. Fix a triple {Z; P, Q) satisfying the con- 
ditions of Theorem 6.2.5, so that the Pontrjagin-Viro form P on £ is well defined 
and the complex separation is p-invariant. 

Denote (3 = Zr U P U Q and for an immersed (in the obvious sense) loop ( C S 
transversal to Pr and Qr define its 'normal Euler number' e{i) G Z/2 to be 1 or 
mod 2 depending on whether ( is disorienting or not. (If [ passes through an 
isolated intersection point of P and Q, the orientation is transferred so that the 
point have intersection index +1.) The following obvious observation is helpful in 
evaluating e((): let an oriented arc I' belong to a half (7+ of a type I curve C {which, 
in our case, can be union of real components of P and separating real components 
of Q) so that di' C Cr and {' is normal to Cr. Then the co-oricntation induced 
from the complex orientation of Cr at the initial point of [' is transferred by I' to 
the co-orientation opposite to the complex orientation of Cr at the terminal point 
off. 

6.4.1. Proposition. For Ic & as above one has 

P([7r-i([)] e (7r-i([))) = 2e([) + 2iQ{[) + 2i+([) + imqH) mod 4, 

where «q(1) and are the numbers of isolated intersection points of [ with Q and 
Z^ , respectively, and ipnQ(0 is the number of intersection points P (iQ through 
which I passes. 

Proof. Let be a membrane in Z normal along dDJl = I and transversal in int 9Jt 
to all strata of 6. Then the value in question can be found using ^My = pr~^(3K) 
(cf. 4.2.1). Clearly, indajly = 2inda7l+ lipnqii)- (To define indOT, wo use a 
normal line field on [ tangent to all strata of & and patch it at the points of P fl Q 
using local orientations.) Further, Card(int 9Jly n E^p ) = ([) + 2 Card(int TtnQ) 
and Card(int My n E^^) = i+(l) + 2 Card(int M n Z+). It remains to notice that 
2 ind 971 = or 1 mod 2 depending on whether the line field is oricntablc or not. □ 

6.4.2. Proposition. For a point T € PtrDQm one has V{[n-'^{T)] + {Tr-^{T))) = 
1. 

Let 5 be a connected component of one of Q, P, or Zr \ (J5r U Qr). Assume 
that dS does not contain a tangency point of P and Q. Then dS is a loop in E^.. 

6.4.3. Proposition. Let Z^ be a connected component of Z~ with dZ^ disjoint 

from Pr n Qr. Then V[dZ^] = 2x{Z^) mod 4. 

6.4.4. Proposition. Let Pi be a real component of P with Pj^R disjoint from PrPI 
Or. Then P([P,r] + {n-^Pi D Q))) = i[Pi]2 mod 4. 

Proof of Propositions 6.4.2, 6.4.3, and 6.4.2. We lift Z^ (respectively, Pj or the 
exceptional ciirvc appearing when T is blown up in Y) to X and then project 
the result to E. This gives a conj-invariant closed surface in E, and the value in 
question is found via 3.3.3. □ 

In the rest of this section we consider the case when S is either Qj for a real 
component Qj of Q or a component Z+ of Z+. Fix a proper fundamental cycle £ 
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and denote by U the corresponding characteristic surface in Y. Assume that U 
contains n~^{S) C Eg, and denote by q^; the RokhUn-Guillou-Marin form of U. The 
choice of £ determines a preferred orientation of P (which induces ^ [Pi^m] mod 4 
on dP) or, cquivalently, a half P~^ of P \ Pr. 

Let u) G H^{Z]^) be the class Poincare dual to [Cr], where C C Z is a, real curve 
with 2[C] = [P] in H2{Z-,Z). The restriction of u to Zr \ Pr is the characteristic 
class of the restricted covering Y ^ Z (see 1.5.2). For each real component Qj 
of Q denote by uij G H^{Qj \ P) the characteristic class of the covering Y ^ Z 
restricted to Qj \ P. {ujj can be interpreted as the linking number with 2l~ in Z.) 

Assume that (w, [I]) = for each boundary component I C dS and define the 
'linking number' lk(rWi{S) G Z/4 of the characteristic class of S with the Arnold 
surface. Fix some orientations of the boundary components and, if 5 = Qj , some 
local orientations at the intersection points S Ci P. This defines a lift of wi(S') to a 
class w'l € H^{S, dS[J{Sr\P)) (which can be defined as the obstruction to extending 
the chosen orientations to the whole surface). We let Ik^ wi{S) = 2(w, Dw'i) if 5 = 
Z,^ or 2{u!j , Dw[) — (int 5o P) if 5 = Qj . (In the latter case the intersection index is 
defined mod 4 using the chosen local orientations of S; the condition {loj, [dS]) = 
implies that dS is not linked with 2l~ and, hence, int 5 o P = mod 2.) 

In the case S = Qj for a real component Qj of Q the above definition is cum- 
bersome and not 'seen' in the real part. If Qj is of type I, it can be simplified: 
Ike wi{S) = Card(Q+ n P+) - Card(0+ n P") mod 4 for any half Q+ of Qj. 

6.4.5. Proposition. Let S be either Qj for a real component Qj of Q, or a com- 
ponent Zf of Z+. Assume that dS is disjoint from, Pr n Qr and {uj, [[]) = for 
each boundary component [ C dS. Then (\if[dS] = Wirwi{S). 

Remark. Proposition 6.4.5 applies to the generalized construction described in 6.3. 
In the case of Enriques surfaces, due to Corollary 6.2.6, the preferred orientation 
of P is defined up to total reversing and Ikg; wi (S) does not depend on the choice 
of £. Furthermore, due to the assumption made dS is a collection of two-sided 
circles in Er. Hence, qtr[dS] = V[dS]. 

Proof. Let ^!UtY C F be an oriented membrane normal along ddJly = dS and 
transversal in int 971 to both U and 21^. Let 9Jl be its projection to Z. Clearly, 
ind fXfty = ind 2t and the intersection points of int Tly and U project one-to-one. 
Furthermore, 9Jl is tangent to 2l~ at its inner points; hence, 

2 Card(int 971^0?/) = (int 9Jt o £) - 2(int 971 o 2t") mod 4. 

(Recall that U consists precisely of those components of Pr whose coefficients in C 
are 2 mod 4.) Since [C] = 2w2{Z) mod 4 and [21^] = mod 2 in Z, the expressions 
2 indSDT -|- (int 9Jl o £) mod 4 and (int 971 o 2l~) mod 2 do not depend on the choice 
of 97t; one can replace 971 with another membrane, which does not have to lift 
to Y . (Strictly speaking, to claim this one should fix the orientation of 9971 induced 
from 971; however, it is chosen arbitrarily for 971-^ and does not affect the result.) 

Take for a new membrane S shifted along a normal vector field. To make it 
orientable, fix some choices used to define lkQ;u>i(S'), cut S along a simple loop [ 
representing w'l, pick a generic orientable membrane 0^ spanned by I, and attach 
291 to the cut. Let 971 be the result. Then int97t o 21" = Card(S' n P) mod 2 and 



int on o £ = 2 ind 5 (int S o 21") -I- 2 Card(OT n 21") mod 4. 
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(The first term here is due to the original shift of S along a normal field; recall that 
S has coefficient 2 mod 4 in £. The second term stands for the intersection index 
of P and the cut of S, which are both oriented.) Since indSJl = indS mod 2, one 
obtains q^idS) = 2 Card(9t n 21") - (int S o P) = Ike wi{S) mod 4. □ 

6.5. Resolving singularities of P and Q. Let {Z'; P', Q') be a triple satisfying 
6.1.1(l)-(4), except that P' and Q' may be singular. Assume that the curve P' + Q' 
has at most simple singular points (i.e., those of type Ap, Dg, Eq, Et, or E^). Then 
there is a sequence of blow-ups which converts {Z'; P', Q') to a triple {Z; P, Q) with 
P and Q nonsingular and satisfying 6.1.1(1) (4). More precisely, the singularities 
of P' + Q' can be resolved by blowing up double or triple points. Let O be a singular 
point of, say, P'. Blow it up and denote by e the exceptional divisor and by P, 
the proper transform of P' . Then the new pair (P. Q) on the resulting surface is 
constructed as follows: Q is the full transform of Q' and P is either P or P + e, 
depending on whether O is a double or triple point of P'. The singular points of Q' 
are resolved similarly, with P' and Q' interchanged. If the resulting curves (P, Q) 
are still singular, the procedure is repeated. 



7. Calculation for real Enriques surfaces 



7.1. M-surfaces of elliptic and parabolic type. 

7.1.1. Theorem (see [DIK]). A real Enriques M-surface E of parabolic or elliptic 
type is determined up to deformation equivalence by its complex separation and the 
value V{wi) ofV on the characteristic element of a nonorientable component of E^ 
of even Euler characteristic {if such a component exists). The deformation types 
of such surfaces are given in Tables 1 and 2, which list the separations of the two 
halves and the possible values of'P{wi). 

Remark. In [Kii] it is shown that in all cases listed in the tables V is uniquely 
recovered (up to autohomeomorphism of Pr preserving the complex separation) 
from the complex separation and T'{wi) via 5.2.2 and, moreover, all forms satisfying 
the congruences of 5.2.2 are realized by real Enriques surfaces. 



Table 1. M-surfaces of elliptic type (Pr = 4Vi u 2S) 



i2Vi uS)u {2Vi 


uS) 







(4Vi)u(25) 









(2Vi uS)u {Vi L 


J 5) 


(Vi) 




(3Vi)u(25) 




(Vi) 




{2Vi uS)u (S) 




iVi)u 


iVi) 


{Vi uS)u (Vi u 


S) 


iVi)u 


(Vi) 


(2Vi) u (25) 




iVi)u 


(Vi) 


{Vi uS)u (Vi u 


S) 






{2Vi) u (25) 




(2Vi) 




(3^1) u {ViuS) 




(S) 





(Vi uS)u (S) 
(Vi)u(25) 
(SVi) u (S) 
{2Vi) u (Vi u S) 
{2Vi) u {Vi u S) 

(5) u (S) 
(2S) 

(2Vi)u(5) 
{Vi uS)u (Vi) 
{2Vi) u (5) 



(2Vi)u(Vi) 

(2yi)u(yi) 

(Vi)u{S) 
(Vi) u (S) 
(Vi u S) 

(2Vi)u(2yi) 

(2yi)u(2Vi) 

(ViuS)u{Vi) 

{ViuS)u{Vi) 

{2Vi)u{S) 



The calculation of Pontrjagin-Viro forms is based on the results of Section 5 and 
the following statement, which gives explicit models of M-surfaces of elliptic and 
parabolic types: 



ON THE PONTRJAGIN-VIRO FORM 19 
Table 2. M-surfaces of parabolic type 



Case Ef^ = Si l 


Va u4S 




(¥2 u 2S) u (23) 


(5i) u (0) 





Case Em = 2V2 u 4S 




(V2) u (Va) 


{23) u (2S) 





(V2) u (V2) 


(35) u (5) 


2 


f2V9) u (0) 


(25) u (25) 


0,2 


HA 1 1 9 1 1 Q"! 
1_ v2 LI ) LI l^Zi_> J 


yv2) LI i^^csij 





(V2 u 5) u (23) 


(V2 u S) u (0) 


2 


(¥2 u 25) u (5) 


(^2) u (5) 


2 


(^2 u S) u (S) 


{V2 u3)u (5) 





Case E^ = V2 u 


2Vi u 35 




(V2 u 2S) u (2Vi u 5) 








(Va u 2Vi uS)u {23) 





0,2 


(V2 uV-iu 3) u (Vi u 5) 


(5) u (0) 


0,2 


(V2u5)u(2li) 


(5) u (5) 





(V2uS)u{2Vi) 


(25) u (0) 


2 


{V2U2V{) u (S) 


(5) u (5) 


0,2 


(^2 u Vi) u (Vi) 


(25) u (5) 


0,2 


(Va u 2S) u {Vi u S) 


(Vi)u(0) 





(¥2 u Vi u S) u {23) 


(Vi)u(0) 


0,2 



Case i?u = V2 u 2^1 u 35 (continued) 



(^2 u 5) u (Vi u 5) (Vi)u(S) 

(^2 u 5) u (Vi u 5) (Vi u 5) u (0) 2 

(^2 u Vi u 5) u (5) (Vi)u(5) 0,2 

(V2u5)u(Vi) (Viu5)u(5) 

(y2uS)u(Vi) (Vi)u(25) 2 

{V2 u Vi) u (5) (Vi u 5) u (5) 0, 2 

(V2)u(yi) (yiu5)u(25) 

(V2)u(yi) (yiu25)u(5) 2 

(V2 u Vi) u (0) (Vi u 5) u (25) 0, 2 

(y2u5)u(25) (yi)u(yi) o 

(y2u5)u(25) (2Vi)u(0) 2 

(^2 u 25) u (5) (Vi) u (Vi) 

(y2u5)u(5) (2^1) u (5) 

(y2u5)u(5) (Viu5)u(yi) 2 

(V2) u (5) (Vi u 5) u (Vi u 5) 

{V2) u (5) (2Vi u 5) u (5) 2 

(^2 u 5) u (0) (Vi u 5) u (Vi u 5) 

(y2u5)u(0) (2^1) u (25) 2 

(^2) u (0) (2Vi u 5) u (25) 



(y2)u(0) (Vi u 25) u (Vi u 5) 2 



7.1.2. Theorem (sec [DIK]). Up to deformation any real Enriques M-surface of 
parabolic or elliptic type can be obtained by the construction of 6.1 and 6.5 from a 
triple {Z';P',Q'), where either 

(1) Z' = Kp^, P' is an M-curve of degree 4, and Q' is a pair of lines, or 

(2) Z' is a hyperboloid Rp^ x Mp^, P' is a nonsingular M-curve of bi-degree 
(4, 2), and Q' is a pair of generatrices of bi-degree (0, 1). 

Figure 1 illustrates the construction of the four nonequivalent surfaces with Er = 
{2V2}u{4:S} (see Table 2). To emphasize the difference the linear components of Q' 
(the lines) are shown tangent to P'; in reality they must be shifted away from P'. 

7.2. M-surfaces of hyperbolic type. 

7.2.1. Theorem (sec [DK3]). A real Enriques surface of hyperbolic type is deter- 
mined up to deformation by the decomposition Er = {E^^ u {E^^^}. The realized 
decompositions are listed in Table 3. 

As one can easily see, the Pontrjagin-Viro form of an M-surface of hyperbolic 
type is uniquely recovered from (5.2.2). The corresponding complex separations 

and values V{wi) are given in Table 3. 

7.3. Other surfaces with Pontrjagin-Viro form. 

7.3.1. Theorem. Nonmaximal real Enriques surfaces admitting Pontrjagin-Viro 
form are those and only those listed in Table 4. The Pontrjagin-Viro form of such 
a surface is determined, via (5.2.2), by the decomposition E]g^ = {Ej^^^} u {E^^^}. 
Table 4 lists the complex separations and values 'P{wi) on the characteristic class of 
a nonorientable component of even genus, if such a component is present. A * marks 
the decompositions which are also realized by a real Enriques surface of type II; a 
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OO 



o o 



{i2V2) u (0)} u {{2S) u {2S)}, V{wi) = {{2V2) u (0)} u {(2S) u {2S)}, V(wi) = 2 

(Z' is a hyperboloid Rp^ x Mp^) 





{{V2) u {V2)} u {(25) u (2S)}, V(wi) = {(Va) u (Va)} u {(35) u (5)}, P(«)i) = 

(Z' is a real projective plane Mp^) 

Figure 1. Models of real Enriques surfaces with Er = {2V2} u {4S} 
Table 3. M-surfaces of hyperbolic type 



Case Em = V3 u Vi u 45 



{V3uVi)u{0) 
{V3 uS)u (0) 
{ViuS)u{Vi) 
(Vs uS)u (S) 
(Vs u Vi u 5) u (5) 
(Va u 25) u (5) 
(V3 u 25) u (Vi u 5) 
{V3 u 25) u (25) 



(25) u (25) 
{Vi u 5) u (25) 
(25) u (5) 
(Vi u 5) u (5) 
(5) u (5) 
(Fi) u (5) 
(5) u (0) 
(Vi) u (0) 



(V3 u Vi u 25) u (25) 



Other cases 



(^4 LI 5) u (0) 

(Vii u Vi) u (0) 
(Vii)u(0) 

(Vio) u (0) 
(V9) u (0) 
(Vg) u (0) 
(V7) u (0) 
(Ve) u (0) 

(Vio) u (0) 



(25) u (25) 


(Vi)u(0) 

{V2) u (0 
(V3)u 

(Vi) u 
(V%)u 
(V%)u 

(5i)u(0) 







** marks the decompositions which are also realized by a real Enriques surface of 
type I not admitting Pontrjagin- Viro form. 

Proof of Theorem 7.3.1 is based upon the classification of real Enriques surfaces, 
which will appear in full in [DTK] (see also [DK1]-[DK3]). The necessary partial 
results are cited below. 

The fact that in all cases listed in Table 4 the Pontrjagin- Viro form is determined 
by (5.2.2) is straightforward. Thus, it remains to enumerate the surfaces for which 
the Pontrjagin- Viro form is well defined. In view of (4.2.6) for such a surface E 
one has x(-^m) = 8, 0, or —8. If 6o(-E'r) = 1) 5.2.2 applied to an empty quoter gives 
x{Er) = —8. Thus, it suffices to consider (M — d)-surfaces with either x(^r) = 8 
and q! = 2, 4, or x(^^r) = and d = 2, 4, or x(£'r) = -8 and d=2. 

Case 1: x{E^) = —8, d = 2. The only topological type E^ = V\q. There are 
two deformation families of real Enriques surfaces E with = Vio; they are both 
of type I and differ by whether W2{E / conj) is or is not (sec [DK3] and [DIK]). 
Since Er has a single component, such a surface admits the Pontrjagin- Viro form 
if and only if W2{E/ conj) = 0. 

Case 2: x(^'r) = 0, d = 2. All such surfaces are of type I (see [DK2]); hence, 
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Table 4. Other surfaces with Pontrjagin-Viro form 



(M 

(14) u (0) 
(V4)u(yi) 
(y4)Lj(2Vi) 

(V3)Lj(yi) 

(Vs) U (0) 

(Ve) u (0) 

m LJ (0) 

(Vs) u (5) 
(Vb u Vi) u (S) 

{Va) u (0) 
(14) u (S) 

(Fa) u (5) 

(14) u (S) 
(V2) u (Fa) 



2)-surfaces 



(yi)u(Vi) 
(yi)u(0) 


(V2) u (0) 

(V2)u(yi) 

(5) u (S) 

{Vi) u (5) 
(5) u (0) 

(yi)u(0) 


(^2) u (S) 
(F2) u (0) 

(V3) u (0) 

(5i) u (0) 
(Si) u (0) 



(M - 2)-surfaces 

•(yi)u(yi) 

*(2yi)u(5) 

* (V4 u 5) u (Vi u 5) 

* {2Vi uS)u (25) 

* (Vi u 5) u (5) 

* (Vi uS)u [IS) 

** (y2 u 25) u (25) 
(^2 u 5) u (5) 
(V2) u (0) 

" (5i) u (0) 

**(yio)u(0) 



(continued) 

(25) u (5) 
(5) u (5) 
(5) u (0) 


(14) u (5) 
(Fi) u (0) 

( 
(5) u (5) ( 
(25) u (25) ( 

(25) u (25) 



(M — 4)-surfaces 

** (14) u (5) 

" (25) u (25) 

(5) u (5) (5) u (5) 



they satisfy the hypotheses of 5.2.1(3) and the Pontrjagin-Viro form is well defined. 

Case 3: x(-Er) ~ Q, d = A. Among the five topological types, with E'r = 251, 

u V2, 2V2, Vz u Vi, and V4 u S* (see [DKl]), only the last one can satisfy 5.2.2. 
(Recall that an Si component must form a separate half.) Furthermore, the complex 
separation must be {(14) u {S)} u {0}; in particular, both the components of 
are in one half. There are two deformation families of real Enriques surfaces E 
with -Br = {V4uS'}u{0} (see [DIK]).-^ They can be obtained by the construction 
of 6.1 from a triple {Z; P, Q), where Z = T,^ is a rational ruled surface with a (— 4)- 
section, P G |2eoo|; and Q G |eo + eoo|- {Here cq is the exceptional {—4)-section 
and 600 is the class of a generic section.) One type is obtained when Zs, = Si 
and Pr = 0; the other one, when Zr = 0. In the former case, Zr = Si, one 
can apply Theorem 6.2.5: since P is of type II, the Pontrjagin-Viro form is not 
defined. Thus, it sufiaces to construct a surface with Er = V4U S and well defined 
Pontrjagin-Viro form. This can be done as in 6.1 and 6.5, where Z' = Rp^ x Mp^, 
P' is a pair of conjugate generatrices of bi-degree (0, 1), and Q' is the union of a 
pair of generatrices of bi-degree (1,0) and a nonsingular curve of bi-degree (2,2). 

Case 4- x{Er) = 8, d = 2. There are three topological types, with £^r = 
2Vi u 35*, V2 u 45', and Si u 45 (see [DKl]), which we consider separately. 

Each decomposition E^ = {E^^^} u {E^^} of Er = 2Vi u 35 is realized by two 
deformation families of real Enriques surfaces, one of type 1, and one of type II 
(see [DIK]). The surfaces of type I satisfy the hypotheses of 5.2.1(3) and, hence, 
have well defined Pontrjagin-Viro forms. 

There is one deformation family of real Enriques surfaces E with Er = {V2} u 
{45}, one family of surfaces with Er — {V2 u 25} u {25}, and two families of 
surfaces with Er = {V2 u 45} u {0} (see [DK3] and [DIK]).^ All these surfaces 
are of type 1. In the first two cases the surfaces satisfy the hypotheses of 5.2.1(3) 
and, hence, have well defined Pontrjagin-Viro forms. In the last case the surfaces 
can be obtained by the construction of 6.1 and 6.5: one takes for Z' the projective 



^In [DK3] it is erroneously stated that there is one family. 

^In [DK3] it is erroneously stated that there is one family with Eu = {Vq u 45} u {0}. 
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plane Rp^, for P' , the union of two conies with two conjugate tangency points (so 
that Pr = 0), and for Q', the union of a generic real hne and the hne through 
the singular points of P'. The conies of Q' may be either both real or complex 
conjugate; in the former case Q' is of of type; II and the Pontrjagin-Viro form is not 
defined, in the latter case Q' is of type I and the Pontrjagin-Viro form is defined 
due to Theorem 6.2.5. 

There are two deformation families of real Enriques surfaces E with E-r = {Si}u 
{4:3} (see [DK3] and [DIK]). They are obtained by the construction of 6.1 and 6.5 
from a triple {Z';P',Q'), where Z' is the plane Mp^ (or hyperboloid Ep^ x Kp^), 
P' is a nonsingular M -curve of degree 4 [respectively, bi-degree (4,2)), and Q' 
is a pair of conjugate lines {respectively, generatrices of bi-degree (0,1)). Prom 
Theorem 6.2.5 it follows that the Pontrjagin-Viro form is well defined in the latter 
case and is not defined in the former case (as Z~ \ Qr is nonorientable) . 

Case 5: x(^r) — S, d — A, i.e., Er = 4S. Only the decompositions {45*} u {0} 
and {25*} u {25} can satisfy 5.2.2 (and, in fact, only these surfaces are of type I). 
Consider the two cases separately. 

There are four deformation families of real Enriques surfaces E with Ejg^ = {4S'}u 
{0} (see [DIK]). They differ by the classes realized by the image ofX^'> in X/t = E 
andX/t^"^^ {see 5.1); the four possibilities are {w2,W2), {w2,0), {0,W2), and (0,0). 
(Note that X/t^^^ is diffeomorphic to an Enriques surface and W2{X/t'---^^) ^ 0.) 
Since E/ conj can as well be represented as the quotient space of X/t^'^^ by an 
involution whose fixed point sot is X^^^ /t^'^\ only the first of the four families may 
possess Pontrjagin-Viro form. Such a surface can be obtained by the construction 
of 6.1 and 6.5. Take for Z' the hyperboloid Rp^ x Rp^. Let (Li, L2) and (Mi, M2) 
be two pairs of conjugate generatrices of bi-degree (1.0) and {Ni,N2) a pair of 
conjugate generatrices of bi-degree (0, 1). Pick a generic pair (Ci, C2) of conjugate 
members of the pencil generated by Li + Mi + Ni and L2 + M2 + N2 and let 
P' = Ci + C2 and Q' = Ni + N2. {P' is a real curve of type I with four nodes, 
which lie on Q'.) Existence of the Pontrjagin-Viro form follows from Theorem 6.2.5. 

There is one deformation family of real Enriques surfaces E with Er = {23} u 
{26'} (see [DIK]). A surface with Pontrjagin-Viro form is constructed similar to the 
previous case. One takes for Z' the hyperboloid Rp^ x Rp^, for P' , a real M-curve 
of bi-degree (4, 2) with two conjugate double points, and for Q' , the union of two 
conjugate generatrices through the singular points of P'. □ 
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